PREFACE TO THE SECOND EDITION
Seventeen years have passed since the manuscript for the first edition of this book was submitted to the American Mathematical Society. The preparation of a new manuscript has presented a welcome opportunity to try to improve the first edition by rewriting and expanding some of its material, by eliminating known misprints and errors (with however the pious hope of not introducing too many new ones) and by including new material developed during the past seventeen years. It has also led to the replacement of the first edition's title, The Geometry of the Zeros of a Polynomial in a Complex Variable, by a simpler, more convenient one, Geometry of Polynomials,
For a subject about 150 years old, the analytic theory of polynomials has continued to show a surprising degree of vitality. A superficial measure of this is the extent to which our bibliography has had to be enlarged. Over 300 new titles have been added to the ones given in the first edition. These include a new, seventy-six page survey [Specht 7] written as part of the revised Enzyklopadie der Mathematischen Wissenschaften.
The new material has been incorporated into the text and into the exercises. Particularly significant is the new material on infrapolynomials beginning with sec. 5, on abstract polynomials beginning with sec. 14, and on matrix methods beginning with sec. 31 .
The author wishes to express his appreciation to those who have offered corrections and suggestions regarding the first edition and to the following who generously read all or part of the new manuscript: Dr. Oved Shisha of the Wright Patterson A.F.B. Aerospace Research Laboratory, Professor Hans Schneider of the Universityupon these operations and which are stated in Sec. 1. Among these is the principle that a sum of vectors cannot vanish if the vectors are all drawn from a point O t on a line L to points all on the same side of L. Among these also is the so-called Principle of Argument and its corollaries such as the Rouche Theorem, the Cauchy Index Theorem, the theorem on the continuity of the zeros and the Hurwitz Theorem. Thus, due to the nature of not only its problems but also its methods, our subject may be considered as belonging to the geometric theory of functions.
Historically speaking, our subject dates from about the time when the geometric representation of complex numbers was introduced into mathematics. The first contributors to the subject were Gauss and Cauchy.
Incidental to his proofs of the Fundamental Theorem of Algebra (which might also be regarded as a part of our subject), Gauss showed that a polynomial f(z) = z n + A x z n~x + • • • + A n has no zeros outside certain circles \z\ = R. In the case that the A i are all real, he showed in 1799 that R = max ( April 2, 1833 , in which he tells of having written enough upon that topic to fill several volumes, but unfortunately the only results he subsequently published are those in Gauss [2] . The statement of his important result (our Th. (3,1)) on the mechanical interpretation of the zeros of the derivative of a polynomial comes to us only by way of a brief entry which he made presumably about 1836 in a notebook otherwise devoted to astronomy.
Cauchy also added much of value to our subject. About 1829 he derived for the moduli of the zeros of a polynomial more exact bounds than those given by Gauss. We shall describe these bounds in Sec. 27. To him we also owe the Theory of Indices (about 1837) as well as the even more fundamental Principle of Argument. (See Sees. 1 and 37.)
Since the days of Gauss and Cauchy, many other mathematicians have contributed to the further growth of the subject. In part this development resulted from the efforts to extend from the real domain to the complex domain the familiar theorems of Rolle, Descartes and Sturm. In part, also, it was stimulated by the discovery, in the general theory of functions of a complex variable, of such theorems as the Picard Theorem, theorems which had no previous counterpart in the domain of real variables. In view of the many as yet unsettled questions, our subject continues to be in an active state of development.
The subject has been partially surveyed in the addresses delivered before various learned societies by Curtiss [2] , Van Vleck [4] , Kempner [7] , and Marden [9] . Parts of the subject have been treated in Loewy [1] , in Polya-Szego [1, vol. 2, pp. 55-65, 242-252] and in Bauer-Bieberbach [1, pp. 187-192, 204-220] .
xi
The most comprehensive treatment to date has been Dieudonne [11] , a seventyone page monograph devoted exclusively to our subject.
Though very excellent, these surveys have been handicapped by a lack of the space required for an adequate treatment of the subject. There still remains the need for a detailed exposition which would bring together results at present scattered throughout the mathematical journals and which would endeavor to unify and to simplify both the results and the methods of treatment.
The present book is an attempt to fill this need. In it an effort will be made to present the subject as completely as possible within the allotted space. Some of the results which could not be included in the main text have been listed as exercises, with occasional hints as to how they may be derived by use of the material in the main text. In addition, our bibliography refers each listed paper to the section of our text containing the material most closely allied to that in the paper, whether or not an actual reference to that paper is made in our text.
It is hoped that this book will serve the present and prospective specialist in the field by acquainting him with the current state of knowledge in the various phases of the subject and thus by helping him to avoid in the future the duplication of results which has occurred all too frequently in the past. It is hoped also that this book will serve the applied mathematician and engineer who need to know about the distribution of the zeros of polynomials when dealing with such matters as the formulation of stability criteria. Finally, it is hoped that this book will serve the general mathematical reader by introducing him to some relatively new, interesting and significant material of geometric nature-material which, though derived by essentially elementary methods, is not readily available elsewhere.
In closing, the author wishes to express his deep gratitude to Professor Joseph L. Walsh of Harvard University for having initiated the author into this field and for having encouraged his further development in it; also, for having made many helpful criticisms and suggestions concerning the present manuscript. The author wishes to acknowledge his indebtedness to The University of Wisconsin in Milwaukee for providing the assistance of Francis J. Stern in typing the manuscript and of Richard E. Barr, Jr. in drawing most of the accompanying figures; also his indebtedness to his colleagues at Madison for the opportunity of giving there, from February to June 1948, a course of lectures based upon the material in this book. Last but not least, the author wishes to thank the American Mathematical Society for granting him the privilege of publishing this manuscript in the Mathematical Surveys Series. 
